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$V$ $||\cdot||v$ $V’$ $V$
$V$ $a$ : $V\cross Varrow\Re$ $V$
$\Vert a\Vert\equiv sup\{\frac{a(u,v)}{||u||_{V}||v||_{V}};u, v\in V,u, v\neq 0\}<+\infty$ (1)
$a(v,u)=a(u,v) , \forall u,v\in V$ (2)
f $\in V$’ $V$ $J:Varrow\Re$
$J[v]= \frac{1}{2}a(v,v)-\langle f,v\rangle, \forall v\in V$
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1 $u\in V$
$a(u, v)=\langle f,$ $v\rangle,$ $\forall v\in V$ (3)
2 $u\in V$
$J[u]\leq J[v], \forall v\in V$ (4)
$a$ $V$
$\alpha_{0}\equiv\inf\{\frac{a(v,v)}{||v||_{V}^{2}};v\in V, v\neq 0\}>0$ (5)
1(1), (2), (5) 1 2 $u$





$a(u_{h}, v_{h})=\langle f,v_{h}\rangle, \forall v_{h}\in V_{h}$ (7)
4 $u_{h}\in V_{h}$
$J[u_{h}]\leq J[v_{h}], \forall v_{h}\in V_{h}$ (8)
2 1 3 4 $u_{h}$




11 $\Re^{d}$ ( $d$ ) $\Omega$ $u$ : $\Omegaarrow\Re$
$-\Delta u=f_{0}, x\in\Omega,$
$\frac{\partial u}{\partial n}=g_{1}, x\in\Gamma_{1},$
$u=0, x\in\Gamma_{0}$
$\Gamma_{i},$ $i=0,1$ , $\Omega$
$f_{0}\in L^{2}(\Omega) , g_{1}\in L^{2}(\Gamma_{1})$
1 1
$V=\{v\in H^{1}(\Omega);v(x)=0, x\in\Gamma_{0}\} (meas\Gamma_{0}>0)$ ,




3(1), (5) 1 $u$ (6)
2





2i ($d$ )’ $\Omega$ $u$ : $\Omegaarrow\Re$
$-\nu\Delta u+w\cdot\nabla u=f, x\in\Omega,$
$u=0, x\in\Gamma$
162
1: ( ) ( )
$\nu$ $\Gamma$ $\Omega$
$f\in L^{2}(\Omega) , w\in C^{1}(\overline{\Omega})^{d}$
$\nabla\cdot w=0$
2 1
$V=H_{0}^{1}( \Omega) , a(u, v)=\nu\int_{\Omega}\nabla u\cdot\nabla vdx+\frac{1}{2}\int_{\Omega}\{(w\cdot\nabla u)v-(w\cdot\nabla v)u\}dx$, (10)
$\langle f,$ $v \rangle=\int_{\Omega}fvdx$
(5) 4
Pe $\equiv UL/v$
$U$ ( $|w|$ ), $L$ ( $\Omega$ ) 1






$V$ $Q$ $||\cdot||_{V}$ $||\cdot||_{Q}$
$V’$ $Q’$
$a:V\cross Varrow\Re$ 2 $b:V\cross Qarrow\Re$
$\Vert b\Vert\equiv\sup\{\frac{b(v,q)}{||v||_{V}||q||_{Q}};v\in V, q\in Q, v\neq 0, q\neq 0\}<+\infty$ (11)
$(f, g)\in V’$ $\cross Q$’ $V\cross Q$ $\mathcal{L}$
$\mathcal{L}(v, q)=\frac{1}{2}a(v, v)+b(v, q)-\langle f, v\rangle-\langle g, q\rangle$ (12)
5 $(u,p)\in V\cross Q$
$a(u, v)+b(v,p)=\langle f, v\rangle, \forall v\in V$ (13a)
$b(u, q)=\langle g, q\rangle, \forall q\in Q$ (13b)
6 $(u,p)\in V\cross Q$
$\mathcal{L}(u, q)\leq \mathcal{L}(u,p)\leq \mathcal{L}(v,p) , \forall(v, q)\in V\cross Q$ (14)
$b$ $V\cross Q$
$\beta_{0}\equiv\inf_{q\in Q}\sup_{v\in V}\frac{b(v,q)}{||v||_{V}||q||_{Q}}>0$ (15)
5 (1), (2), (5), (11), (15) 5 6 $(u,p)$






7 $(u_{h},p_{h})\in V_{h}\cross Q_{h}$
$a(u_{h}, v_{h})+b(v_{h},p_{h})=\langle f, v_{h}\rangle, \forall v_{h}\in V_{h}$ (17a)
$b(u_{h}, q_{h})=\langle g, q_{h}\rangle, \forall q_{h}\in Q_{h}$ (17b)
8 $(u_{h},p_{h})\in V_{h}\cross Q_{h}$
$\mathcal{L}(u_{h}, q_{h})\leq \mathcal{L}(u_{h},p_{h})\leq \mathcal{L}(v_{h},p_{h}) , \forall(v_{h}, q_{h})\in V_{h}\cross Q_{h}$ (18)
$b$ $V_{h}\cross Q_{h}$
$\beta_{1}\equiv\inf_{q_{h}\in Q_{h}}\sup_{v_{h}\in V_{h}}\frac{b(v_{h},q_{h})}{||v_{h}||_{V}||q_{h}||_{Q}}>0$ (19)
6 (1), (2), (5), (11), (15), (19) 7 8 $(u_{h}, q_{h})$
$\Vert u-u_{h}\Vert_{V}+\Vert p-p_{h}\Vert_{V}\leq c[\inf\{\Vert u-v_{h}\Vert_{V};v_{h}\in V_{h}\}+\inf\{\Vert p-q_{h}\Vert_{Q};q_{h}\in Q_{h}\}]$ (20)
$c=c(1/\alpha_{0},1/\beta_{1}, ||a||, ||b||)$
1(a) (19) (15) (19) $V_{h}$ $Q_{h}$
(b) 5 (5)
$\inf\{\frac{a(v,v)}{||v||_{V}^{2}};v\in V_{0}, v\neq 0\}>0, V_{0}\equiv\{v\in V;b(v, q)=0, \forall q\in Q\}$ (21)





3 ($d$ ) $\Omega$ $(u,p)$ : $\Omegaarrow$ $\cross\Re$
$-\triangle u+\nabla p=f, x\in\Omega,$
$\nabla\cdot u=0, x\in\Omega,$
$u=0, x\in\Gamma$
$\Gamma$ $\Omega$ $f\in L^{2}(\Omega)^{d}$
3 5
$V=H_{0}^{1}( \Omega)^{d}, Q=L_{0}^{2}(\Omega)\equiv\{q\in L^{2}(\Omega);\int_{\Omega}qdx=0\}$ (22a)
$a(u, v)= \sum_{i=1}^{d}\int_{\Omega}\nabla u_{i}\cdot\nabla v_{i}dx, b(v, q)=-\int_{\Omega}q\nabla\cdot vdx$ (22b)
$\langle f, v\rangle=\int_{\Omega}f\cdot vdx, g=0$ (22c)
5





7(1), (5), (11), (15) 5 $(u,p)$
(16)
6






4 ($d$ ) $\Omega$ $(u,p)$ : $\Omegaarrow$ $\cross\Re$






$f\in L^{2}(\Omega)^{d}, w\in C^{1}(\overline{\Omega})^{d}$
$\nabla\cdot w=0$
4 (22) $a$
$a(u, v)= \sum_{i=1}^{d}[v\int_{\Omega}\nabla u_{i}\cdot\nabla v_{i}dx+\frac{1}{2}\int_{\Omega}\{(w\cdot\nabla u_{i})v_{i}-(w\cdot\nabla v_{i})u_{i}\}dx]$
5 (5) (19)
$(V_{h}^{i}Q_{h})$ 8
$U$ ( $|w|$ ), $L$ ( $\Omega$ )





$\frac{\partial u}{\partial t}+w\cdot\nabla u-\nu\Delta u=f, (x, t)\in\Omega\cross(O, T)$ (23a)
$u=0, (x, t)\in\Gamma\cross(0, T)$ (23b)
$u=u^{0}, x\in\Omega, t=0$ (23c)
$f\in C([0, T];L^{2}(\Omega)) , w\in C([0, T], C^{1}(\overline{\Omega})) , u^{0}\in L^{2}(\Omega)$
$v$ $w$
$\nabla\cdot w=0(x\in\Omega) , w=0(x\in\Gamma)$ (24)
$V=H_{0}^{1}(\Omega)$ $(23a),(23b)$ $u:(0, T)arrow V$
$( \frac{\partial u}{\partial t}(t), v)+a(u(t), v)=(f(t), v) , \forall v\in V, t\in(O, T)$ (25)
167
$a(u, v)= \nu\int_{\Omega}\nabla u\cdot\nabla vdx+\int_{\Omega}(w\cdot\nabla u)vdx$
$(\cdot, \cdot)$ $L^{2}(\Omega)$
$\Delta t$ $N_{T}\equiv$ $\lfloor T$/ $V$
5 $\{u_{h}^{n}\in V_{h};n=0, \cdots, N_{T}\}$
$( \frac{u_{h}^{n}-u_{h}^{n-1}}{\Delta t}, v_{h})+a(u_{h}^{n}, v_{h})=(f^{n}, v_{h}) , v_{h}\in V_{h}, n=1, \cdots, N_{T}$ (26a)
$u_{h}^{0}=\Pi_{h}u^{0}$ (26b)
$f^{n}=f(\cdot, n\Delta t),$ $\Pi_{h}$ $u_{h}^{n-1}$
$u_{h}^{n}$ $(26a)$
$a$
5 $(23a)$ 1 2
$\phi$ : $\Omega\cross[0, T]arrow\Re$
$\frac{D\phi}{Dt}\equiv\frac{\partial\phi}{\partial t}+w\cdot\nabla\phi$ (27)
$X:[0, T]arrow$
$\frac{dX}{dt}(t)=w(X(t), t) , t\in(0, T)$ (28)
(27)
$\frac{D\phi}{Dt}(X(t),t)=\frac{d}{dt}\phi(X(t), t)\approx\frac{\phi(X(t),t)-\phi(X(t-\Delta t),t-\Delta t)}{\triangle t}$
$t_{n}=n\Delta t,$ $x$ $\Omega$
$X(t_{n})=x$ (29)
(28) $t_{n-1}$ $X(t_{n-1})$
$X_{1}^{n}(x)\equiv x-w(x, t_{n})\Delta t$ (30)
$\frac{D\phi}{Dt}(x, t_{n})\approx\frac{\phi(x,t_{n})-\phi(X_{1}^{n}(x),t_{n-1})}{\Delta t}$ (31)
5 $\{u_{h}^{n}\in V_{h};n=0, \cdots, N_{T}\}$









$t=16D((K)(0 t=48.000000 t=80000000 t=112.((KKKK)$
2: $t=16,48,80,112.$
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